Abstract. In this paper, we deduce some properties of f -sets of connected graphs. We introduce the concept of fixing share of each vertex of a fixing set D to see the participation of each vertex in fixing a connected graph G. We also define a parameter, called the fixing percentage, by using the concept of fixing share, which is helpful in determining the measure of the amount of fixing done by the elements of a fixing set D in G. It is shown that for every positive integer N , there exists a graph G with dtr(G)− Det(G) ≥ N , where dtr(G) is the determined number and Det(G) is the determining number of G.
and u, v ∈ V (G)}. Note that if G is a rigid graph (a graph with Γ(G) = id), then V s (G) = ∅. A well-established fact is that every automorphism is also an isometry, that is, for u, v ∈ V (G) and g ∈ Γ(G), d(u, v) = d(g(u), g (v) ).
An automorphism g ∈ Γ(G) is said to fix a vertex v ∈ V (G) if g(v) = v. The set of automorphisms that fix a vertex v ∈ V (G) is a subgroup of Γ(G). It is called the stabilizer of v and is denoted by Γ v (G). For D ⊂ V (G) and g ∈ Γ(G), an automorphism g is said to fix the set D if for every v ∈ D, we have g(v) = v. The set of automorphisms that fix D is a subgroup Γ D (G) of Γ(G) and Γ D (G) = ∩ v∈D Γ v (G). If D is a set of vertices for which Γ D (G) = {id}, then D fixes the graph G and we say that D is a fixing set of G. Erwin and Harary introduced the fixing number, f ix(G), of a graph G in [6] and it is defined as the minimum cardinality of a set of vertices that fixes G. A fixing set containing f ix(G) number of vertices is called a minimum fixing set of G. The notion of fixing set has equivalence with another notion, determining set, introduced by Boutin in [1] . A set E ⊆ V (G) is said to be a determining set for a graph G if whenever g, h ∈ Γ(G) so that g(x) = h(x) for all x ∈ E, then g(v) = h(v) for all v ∈ V (G), i.e., if two automorphisms g and h agree on E, then they must agree on V (G). The equivalence between the definitions of a fixing set and a determining set was given in [8] . The minimum cardinality of a determining set of a graph G, denoted by Det(G), is called the determining number of G. In this paper, we will use both the terms, fixing and determining. Term 'fixing' is used to fix vertices and 'determining' is used to determine automorphisms. However, the term 'fixing set' and 'determining set' can be used interchangeably.
A
, then u ∼ v and hence question of fixing pair (u, v) by any vertex of G does not arise. Let (u, v) ∈ V s (G) and the set f ix(u, v)(= f ix(v, u)) = {x ∈ V (G) : g(u) = v and g(v) = u for all g ∈ Γ x (G)} is called the fixing set (or an f -set) relative to the pair (u, v). It is also further assumed
The fixing graph, F (G), of a graph G is a bipartite graph with bipartition (S(G), V s (G)) and a vertex x ∈ S(G) is adjacent to a pair (u,
x fixes (u, v) for some x ∈ D}. In the fixing graph, F (G), the minimum cardinality of a subset
is the fixing number of G.
An upper bound on f ix(G) was given by Erwin and Harary by using another well-studied invariant, metric dimension, defined in the following way:
. A k-set W is called a resolving set for G if for every pair u, v of distinct vertices of G, r(u|W ) = r(v|W ). The metric dimension, dim(G), is the smallest cardinality of a resolving subset W . A resolving set of minimum cardinality is a metric basis for G. Following lemma and theorem were given in [6] :
Considering the fact that the metric dimension is greater than or equal to fixing number and automorphisms preserve distances, metric dimension and fixing number are closely related notions [3, 6] . Cáceres et al. studied this relation and answered the following question which appeared first in [1] : Can the difference between both parameters of a graph of order n be arbitrarily large? The resolving number, res(G), of a graph G is the minimum k such that every k-set of vertices is a resolving set of G.
Resolving number of a graph G gives natural upper bound to the metric dimension of G, i.e., dim(G) ≤ res(G). For every pair a, b of integers with 2 ≤ a ≤ b, existence of a connected graph G with dim(G) = a and res(G) = b, was given in [4] . Motivated by definition of resolving number and resemblance between parameters metric dimension and determining number, we defined determined number of a graph G in [11] . The determined number of a graph G, dtr(G), is the minimum k such that every k-set of vertices is a determining set for a graph G. It may be noted that 0 ≤ Det(G) ≤ dtr(G) ≤ |V (G)| − 1. In [11] , we found determined number of some well known graphs and discussed some of its properties.
In the next section, we study some properties of f -sets following the study of Rsets by Tomescu and Imran [13] . To see the contribution of each vertex in resolving a graph, the concepts of resolving share and resolving percentage were introduced in [12] . In the second section, we introduce the concept of the fixing share which tells the participation of each vertex of a fixing set in fixing a graph G. We also define the fixing percentage in G, by using the concept of fixing share of each element of a fixing set of G, which is the measure of the amount of fixing done by a fixing set in G. Then we compute the fixing share and the fixing percentage in paths and cycles. In the third section, we will prove existence of a graph G for which dtr(G) − Det(G) ≥ N for a given positive integer N.
Properties of f -sets
Proof. Since automorphism g is an isometry, so
Proposition 2.3. Let G be a path of order n and
Two vertices u and v in a graph G are said to be distance similar if 
Conversely, let u, v are distance similar and {u, v} ⊂ f ix(u, v), then there exists at least one vertex
In a complete graph, every pair is distance similar. Therefore, we have the following corollary:
Corollary 2.5. Let G be a complete graph of order n and u, v be a pair of distinct vertices, then (u, v) ∈ V s (G) and f ix(u, v) = {u, v}. . Let v ∈ S(G). We will prove that deg Consider the graph G 1 in Figure 1 with vertex set V ( share in fixing the pair (u, v).
For example in G 1 , the vertex v 1 is considered to have 1-share in fixing the pair (v 2 , v 4 ) with respect to D 1 . However, the vertex v 1 is considered to have 
If D is a fixing set with minimum cardinality for a connected graph G and x ∈ D, then the fixing share of x in D is defined as a measure of the amount of fixing done by x in G. Formally, we have the following definition: Definition 3.5. (fixing share) Let G be a connected graph and D be a minimum fixing set of G. Let x ∈ D and (u, v) ∈ F (x). We define a set F (u, v) = {F (y) : , denoted by F %(G), is the measure of the amount of fixing done by D in G, and we call it the fixing percentage of D in G.
Theorem 3.7. Let G be a complete graph of order n ≥ 3 and D be a minimum fixing set of G.
Proof. Let V (G) = {v 1 , ..., v n }. Since G is a complete graph, so V s (G) = {(v i , v j ) : i = j and 1 ≤ i, j ≤ n}. Also cardinality of a minimum fixing set of G is n − 1. Let D = {v 1 , v 2 , ..., v n−1 } ⊂ V (G) be a minimum fixing set of G, also D is a twin-set in G. Then for each i, 1 ≤ i ≤ n − 1, F (v i ) = {(v i , v j )}, where j = i and 1 ≤ j ≤ n. It can be seen that for each j where 
Remark 3.9. Since, a path P n is a graph with fixing number 1 and a complete graph K n is the graph with fixing number n − 1, hence we can deduce that for a connected graph G of order n ≥ 2, 1 ≤ F sum (G) ≤ 
for each v ∈ D. Case II (when n is odd) We notice that |F (v)| = 
A vertex of degree at least 3 in a tree is called a major vertex of tree. An end vertex u of a tree T is said to be a terminal vertex of a major vertex v, if d(u, v) < d(u, w) for every other major vertex w of T . The terminal degree, ter(u), of a major vertex u of T is the number of terminal vertices of u. 
Determined Number of graphs
In the next theorem, we will prove the existence of a graph G for a given positive integer N such that dtr(G) − Det(G) ≥ N. Proof. We choose k ≥ max{3,
}. Let V (G) = U ∪W be a bipartite graph, where U = {u 1 , ..., u 2 k −2 } and ordered set W = {w 1 , w 2 , ..., w k−1 } and both U and W are disjoint. Before defining adjacencies, we assign coordinates to each vertex of U by expressing each integer j (1 ≤ j ≤ 2 k − 2) in its base 2 (binary) representation. We assign each u j (1 ≤ j ≤ 2 k − 2) the coordinates (a k−1 , a k−2 , ..., a 0 ) where a m (0 ≤ m ≤ k − 1) is the value in the 2 m position of binary representation of j.
, we join w i and u j (a k−1 , a k−2 , ..., a 0 ) if and only if i = k−1 m=0 a m . This completes the construction of graph G. Next we will prove that Det(G) = 2 k −(k +1). We denote N(w i ) = {u j ∈ U : u j is adjacent to w i , 1 ≤ j ≤ 2 k − 2} and it is obvious to see that N(
Number of vertices in each N(w i ) is the permutation of k digits in which digit 1 is appears i times and digit 0 appears (k − i) times, hence |N(w i )| = k i . As N(w i ) ∩ N(w j ) = ∅, so minimum determining set E must have k i − 1 vertices from each N(w i ), 1 ≤ i ≤ k − 1, for otherwise if u, v ∈ N(w i ) and u, v ∈ E for some i, then there exists an automorphism g ∈ Γ(G) such that g(u) = v because u and v have only one common neighbor w i , which is a contradiction that E is a determining set. Moreover E ⊆ U as each w i , Next we will find dtr(G). As order of G is 2 k + k − 3 and set of all vertices of G except one vertex forms a determining set of G. It can be seen that dtr(G) = 2 k +k−4, for otherwise if dtr(G) < 2 k +k−4 and u, v ∈ N(w i ) for some i, then the set E = W ∪U \{u, v} consisting of 2 k +k−5 is not a determining set, which implies that dtr(G) = 2 k + k − 4. Hence for the graph G, we have dtr(G) − Det(G) = 2k − 3 ≥ N as required.
Summary
In this paper, we have described some properties of f -sets in graphs. We have found bound on cardinality of edge set of the fixing graph of a graph G. We have defined fixing share of a vertex in a fixing set D of a graph G and studied it for vertices in fixing sets of some common classes of graphs. Finally we have proved existence of a graph G for a given positive integer N for which dtr(G)−Det(G) ≥ N.
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